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Wasserstein distance, obtained from Monge-Kantorovich transport problem, is one of the most intuitive metrics for
probability distributions. It has many applications including, but not limited to in the field of machine learning [1,2],
computer vision, statistic or economy. Over the past decade, several quantum generalizations have been proposed based
on different formulations of the original problem [3-6]. The most promising of those is the distance defined by joint
distributions that minimize given ’cost functional’ [5,6].

To present this approach let us fist introduce few definitions. For two quantum states described by density matrices
ρA, ρB i.e. matrices with the following properties

ρA,ρB ∈ ΩN := {ρ ∈ M (CN) | ρ = ρ
†, ρ ≥ 0,Trρ = 1} (1)

A quantum coupling matrix with marginals ρA, ρB is a state ρAB such that:

TrAρAB = ∑
i
[ρAB](i,m),(i,n) = ρB and TrBρAB = ∑

i
[ρAB](m,i),(n,i) = ρA (2)

The quantum optimal transport problem is defined as minimization over set Γ(ρA,ρB) ⊂ ΩN2 of all coupling with fixed
marginals ρA,ρB:

T Q
C (ρA,ρB) := min

ρAB∈ΓQ(ρA,ρB)
Tr(CρAB). (3)

Where C =C† ∈ M (CN×N) is a quantum cost matrix and the result T Q
CQ(ρA,ρB) is called transport cost between ρA and

ρB.
Most commonly used cost matrix is constructed using the SWAP operator S [4-6], which acts on product space

H ⊗H as S
(
|x⟩⊗ |y⟩

)
= |y⟩⊗ |x⟩. S induces a projective, unitary invariant, quantum cost matrix:

CQ :=
1
2
(
I−S

)
= (CQ)2 = (U ⊗U)CQ(U† ⊗U†). (4)

In [5] the authors shown that square root of Transport cost W := (T Q
CQ)

1/2, named quantum Wasserstein distance, is a
metric for qBit states.

We consider properties of such optimal couplings for qBits which might bring significant insight in the understanding
of Wasserstein distance in general.

In our poster we demonstrate the uniqness of quantum optimal transport problem solution for a one qBit system.
Moreover, we sketch the proof of monotonicity of Wasserstein distance on qBit system. This means that for any quantum
channel (i.e. completely positive trace preserving map) T , the following inequality holds:

T Q
CQ(T (ρA),T (ρB))≤ T Q

CQ(ρA,ρB) (5)

For any states ρA,ρB ∈ ΩN2 . Both of those properties have a crucial impact on construction and implementation of
quantum analogies for Wasserstein generative adversarial networks on quantum computers [6].

As interesting examples, we present exact solutions of quantum optimal transport problem for commuting qBit states.
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