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INTRODUCTION
Excitation annihilation is a common
phenomenon in molecular structures.
It is often difficult to provide
experimental conditions that could
prevent annihilation; therefore, it
might often be necessary to account
for it while analyzing data.

Simple annihilation model can be 
described by rate equation:

d𝑛

d𝑡
= −𝛾𝑛2,

here 𝑛(𝑡) is the mean number of
remaining excitations in the system at
time t and 𝛾 is the rate constant for
annihilation. To account for both
finite transfer rate and discrete
number of excitations in annihilation
model, we have chosen to use Monte
Carlo method and continuous time
random walk algorithm. In this work
the comparison of excitation
population kinetics in lattices in
various dimensions is provided,
followed by analysis by
approximating kinetics using
statistical approach and kinetic
equation:

d𝑛

d𝑡
= −𝛾 𝑡 ∙ 𝑛2 𝑡 − 𝑘𝑟𝑒𝑙 ∙ 𝑛(𝑡),

here 𝑘𝑟𝑒𝑙 is relaxation rate.

STATISTICAL APPROACH
While using statistical approach, molecular aggregate is considered to be one
supermolecule and excitation dynamics are characterized by its energy levels.
The relaxation process in this case can be described by the Master equation:
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here 𝑃𝑖 𝑡 is a probability that at time 𝑡 there are 𝑖 excitations in the molecular
system, 𝑘𝑟𝑒𝑙 is relaxation rate, 𝛾 𝑡 is time dependence of annihilation rate. The
average number of excitations present at time 𝑡 is given by:

𝑛(𝑡) = σ𝑖=0
𝑁 𝑖 ∙ 𝑃𝑖(𝑡).

Here 𝑁 is the number of nodes in the molecular aggregate.

ALGORITHM
The algorithm is based on continuous time
random walk. At each time step, for every
excitation (randomly distributed in the lattice) an
interevent time is calculated as a random number
from exponential distribution with mean 𝜇:

𝑇 = − (ln 𝑟) ∙ 𝜇 = − (ln 𝑟) 𝑘𝑟𝑒𝑙 +𝑚 ∙ 𝑘𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟

where 𝑟 is a uniform random variable from the
[0, 1] interval and 𝑚 is a number of possible
transfer pathways. The excitation with the shortest
interevent time generated will now have one of
two fates: moving to another position with
probability to annihilate or relax to the ground
state.

APPROXIMATION RESULTS
Two well-known models mentioned above were used and seven different
annihilation rate time dependences were chosen for approximation. A
fragment of the approximation results is given in Table 1. The least error was
obtained while using periodic lattice boundaries and the seventh 𝛾(𝑡) for the
statistical approach.

CONCLUSIONS
1. Excitation annihilation in molecular structures can be described using Monte Carlo method and continuous time random walk algorithm.
2. Monte Carlo kinetics are better approximated using the statistical approach than kinetic equation.
3. Periodic boundary conditions help to imitate bigger aggregates and thus provide more accurate approximation for multidimensional lattices.
4. The universal annihilation rate constant was obtained for statistical approach approximation in molecular lattices with the periodic boundary conditions.

REFERENCES
[1] H. van Amerongen, L. Valkunas, R. van Grondelle, Photosynthetic Excitons (World Scientific, Singapore, 2000).
[2] V. Barzda, V. Gulbinas, R. Kananavicius, V. Cervinskas, H. van Amerongen, R. van Grondelle, L Valkunas, Singlet-Singlet Annihilation Kinetics in Aggregates and Trimers of
LHCII, Biophys. J. 80, 2409–2421 (2001).

The next part of the
algorithm is based on
Monte Carlo method. The
fate of the excitation
depends on a randomly
generated number from 0 to
1, as shown in the picture. If
the excitation moves, there
is a possibility that the site it
has moved to will already be

occupied. In that case, all but one excitations relax
from that node as for annihilation. The process is
repeated by generating new interevent times for
excitations that are left. Eventually, number of
excitations in the lattice becomes zero and the
process is repeated by generating new initial
distribution of excitations. After sufficient number
of realizations has been generated, the average
kinetics is calculated considering that initial
distribution of excitations obeys a Poisson
distribution.

Fig 2. Reflecting and periodic boundary conditions applied to the lattice model. 

UNIVERSAL ANNIHILATION RATE 
FUNCTION
The universal annihilation rate function was obtained by averaging the annihilation
rate parameters 𝛾0, 𝜏 and 𝑑 that were calculated while approximating kinetics with
various 𝑘𝑟𝑒𝑙 values. The numerical results are presented in Table 2.

№ 𝜸(𝒕)

Sum of squares

Kinetic, 
PBC

Kinetic, 
RFC

Statistical, 
PBC

Statistical, 
RFC

1 𝛾 𝑡 =
𝛾0

𝑡
8.399 3.648 14.01358 5.65884

2 𝛾 𝑡 =
𝛾0

1+ 𝑡/𝜏 2.522 2.414 0.00099 0.25756

3 𝛾 𝑡 =
𝛾0

1+𝑡/𝜏 1.996 2.112 0.00111 0.12990

4 𝛾 𝑡 = 𝛾0 1 − exp − 𝜏/𝑡 2.287 2.360 0.00129 0.17943

5 𝛾 𝑡 = 𝛾0 tanh 𝜏/𝑡 1.905 2.180 0.00131 0.10153

6 𝛾 𝑡 = 𝛾0 12.777 24.538 0.00152 2.81170

7 𝛾 𝑡 =
𝛾0

1+ Τ𝑡 𝜏 𝑑 3.546 2.414 0.00083 0.25756

Table 1.  Approximation results in 3D lattice. 𝑁 = 100, 𝑛0 = 10, 𝑘𝑟𝑒𝑙 = 10−2𝑘𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟. The least error is highlighted 

for each case.

Universal parameters 𝑘𝑟𝑒𝑙 = 10−2𝑘𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 𝑘𝑟𝑒𝑙 = 10−3𝑘𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 𝑘𝑟𝑒𝑙 = 10−4𝑘𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 𝑘𝑟𝑒𝑙 = 10−5𝑘𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟

Dimension 𝜸𝟎 𝝉 𝒅 Sum of squares

1D 0.113 0.008 0.384 1.09595 3.14286 4.38205 4.72640

2D 0.108 12.835 0.085 1.47990 1.68797 1.67736 1.66975

3D 0.188 281.580 0.008 0.00093 0.00569 0.00192 0.00118

Table 2.  Universal approximation parameter and error values. 

Fig 3. Universal approximation using the statistical approach and PBC. Fig 4. Approximation using the statistical approach with the best 𝛾(𝑡)
dependence. 𝑘𝑟𝑒𝑙 = 10−5𝑘𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 and PBC were applied.

Fig 5. Approximation using the kinetic equation with the best 𝛾(𝑡)
dependence. 𝑘𝑟𝑒𝑙 = 10−5𝑘𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟 and PBC were applied.


